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The Spin-orbit force, recoil corrections and possible B ¯B∗ and D ¯D∗ molecular states
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In the framework of the one boson exchange model, we have calculated the effective potentials between two
heavy mesons B ¯B∗ and D ¯D∗ from the t- and u-channel π, η, ρ, ω and σ meson exchange with four kinds of
quantum number: I = 0, JPC = 1++; I = 0, JPC = 1+−; I = 1, JPC = 1++; I = 1, JPC = 1+−. We keep the recoil
corrections to the B ¯B∗ and D ¯D∗ system up to O( 1M2 ). The spin orbit force appears at O( 1M ), which turns out to be
important for the very loosely bound molecular states. Our numerical results show that the momentum-related
corrections are unfavorable to the formation of the molecular states in the I = 0, JPC = 1++ and I = 1, JPC = 1+−
channels in the D ¯D∗ systems.
PACS numbers: 13.75.-n, 13.75.Cs, 14.20.Gk
I. INTRODUCTION
The charmonium spectroscopy has been studied extensively
during the last few years. The states below the open charm
threshold are all observed now while many states above the
open charm threshold are still missing. On the other hand, a
large number of charmonium-like states (or so called XYZ
states) have been observed by experimental collaborations
such as Belle, Barbar, CDF, D0, LHCb, BESIII, CLEOc.
These XYZ states decay into the conventional charmonium,
but some of them do not fit into the quark model charmo-
nium spectrum easily. Especially the charged charmonium-
like signals are the good candidates of the exotic states, such
as Z(4430) observed in the ψ′π± modes, Z1(4050), Z2(4250)
in the χc1π± modes in the B meson decays [1–3], Zc(4025)± in
the π± recoil mass spectrum and Zc(4020)± in the π±hc mass
spectrum [4]. Recently, the BES Collaboration announced a
charged structure Zc(3900) in the π±J/ψ invariant mass spec-
trum of the process e+e− → π+π−J/ψ at a center-of-mass
(CM) energy of √S = 4.260 ± 0.001GeV[4]. How to ex-
plain the underlying structure of these charmonium-like states
becomes an important issue.
Many theoretical schemes were proposed to explain these
XYZ states, including the molecular states [5–10], hybrid
charmonium [11], tetraquark states [12–17], dynamically gen-
erated resonances [18]. Among the above schemes, the molec-
ular picture provides a plausible explanation since some XYZ
states are very close to the thresholds of a pair of charmed
meson.
Since the first observation of X(3872) by the Belle Collab-
oration [19] in the exclusive decay process B±→K±π+π−J/ψ,
its interpretation as a molecular candidate of the D ¯D∗ sys-
tem has been investigated by many theoretical groups [7,
8][20–27]. Due to the same intriguing near-threshold na-
ture, the recently observed two charged bottomonium-like
states Zb(10610) and Zb(10650) by the Belle observation [28]
were also interpreted as good candidates of the B ¯B∗ and B∗ ¯B∗
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molecular states [29–33]. The newly observed Zc(3900) by
BESIII collaborations [4], CLEOc [34] and Belle with ISR
[35] is also close to the threshold of D ¯D∗. In many references,
it was interpreted as the isovector partner of the well estab-
lished isoscalar state X(3872) with the same quantum number
JP = 1+.[42–44].
When investigating the possibility of X(3872) as the D ¯D∗
molecular state with JPC = 1++, the one-pion-exchange
(OPE) model and one-boson-exchange (OBE) model were
used to calculate the binding energy of the D ¯D∗ system in
the Ref.[36]. In Ref.[33], the OBE model was applied to in-
vestigate the possibility of Zb(10610) and Zb(10650) as the
molecular states of the B ¯B∗ and B∗ ¯B∗ system.
With the exchange of the light pseudoscalar, vector and
scalar mesons, the OBE model provides an effective frame-
work to describe the interaction between two hadrons at dif-
ferent range. In the previous work, the heavy quark symmetry
is always invoked to simplify the calculation in the derivation
of the interaction potential between two heavy mesons such as
D ¯D∗ or B ¯B∗. Moreover, the three momentum of the external
particles is sometimes ignored. Hence the resulting potential
between the heavy mesons depends on the exchanged momen-
tum only. All the recoils corrections were omitted.
The possible D ¯D∗ or B ¯B∗ molecular system is very close to
the two heavy meson threshold. The binding energy is some-
time quite small. Especially in the case of X(3872), its bind-
ing energy may be less than 1 MeV if it turns out to be a D ¯D∗
molecule. Compared to the tiny binding energy, the higher
order recoil corrections may turn out to be non-negligible.
In the present work, we keep the momentum of the ini-
tial and final states explicitly and derive the effective poten-
tial using the relativistic Lagrangian. We will keep the recoil
corrections up to the order 1M2 , where M is the mass of the
component in the system. Especially the spin-orbit force first
appears at O( 1M ). With the effective potentials with the ex-
plicit recoil corrections O( 1M2 ), we carefully investigate the
D ¯D∗ system with I = 0, JPC = 1++ to measure the 1M2 cor-
rection for X(3872), D ¯D∗ system with I = 1, JPC = 1+ for
Zc(3900), and B ¯B∗ with I = 1, JPC = 1+ for Zb(10610). Nu-
merically, these recoil corrections are quite important in the
loosely bound heavy meson systems. Especially, the recoil
correction is comparable to the binding energy in the case of
2X(3872).
This paper is organized as follows. We first introduce the
formalism of the derivation of the effective potential in Sec-
tion II. We present our numerical results in Section III. The
last section is the summary and discussion. We collect some
lengthy formulae in the appendix.
II. THE EFFECTIVE POTENTIAL
A. Wave function, Effective Lagrangian and Coupling
constants
First, we construct the flavor wave functions of the isovec-
tor and isoscalar molecular states composed of the B ¯B∗ and
D ¯D∗ as in Refs. [29, 30]. The flavor wave function of the B ¯B∗
system reads
|1, 1〉 = 1√
2
(|B∗+ ¯B0〉 + c|B+ ¯B∗0〉),
|1,−1〉 = 1√
2
(|B∗−B0〉 + c|B−B∗0〉),
|1, 0〉 = 12 [(|B∗+B−〉 − |B∗0 ¯B0〉) + c(|B+B∗−〉 − |B0 ¯B∗0〉)],(1)
|0, 0〉 = 1
2
[(|B∗+B−〉 + |B∗0 ¯B0〉) + c(|B+B∗−〉 + |B0 ¯B∗0〉)] (2)
where c = ± corresponds to C-parity C = ∓ respectively. For
the D ¯D∗ system
|1, 1〉 = 1√
2
(| ¯D∗0D+〉 + c| ¯D0D∗+〉),
|1,−1〉 = 1√
2
(|D∗0D−〉 + c|D0D∗−〉),
|1, 0〉 = 12 [(| ¯D∗0D0〉 − |D∗−D+〉) + c(| ¯D0D∗0〉 − |D−D∗+〉)],(3)
|0, 0〉 = 1
2
[(| ¯D∗0D0〉+ |D∗−D+〉)+ c(| ¯D0D∗0〉+ |D−D∗+〉)] (4)
Since the C-parity of Zb(10610)0 is odd, we will take the
coefficient c = + for the B ¯B∗ system. While the C parity
of X(3872) was even, the I = 0 D ¯D∗ system will take the
coefficient c = −. Moreover, we will consider both two C-
parity option for the I = 1 D ¯D∗ system.
The meson exchange Feynman diagrams for both the B ¯B∗
and D ¯D∗ systems at the tree level are shown in Fig. 1 and Fig.
2.
Based on the chiral symmetry, the Lagrangian for the pseu-
doscalar, scalar and vector meson interaction with the heavy
flavor mesons reads
LP = −i
2g
fπ
¯MP∗µb ∂µφbaP
†
a + i
2g
fπ
¯MPb∂µφbaP∗µ†a
− gfπ P
∗µ
b ∂
αφba∂
βP∗ν†a ǫµναβ +
g
fπ ∂
βP∗µb ∂
αφbaP∗ν†a ǫµναβ,(5)
L˜P = −i
2g
fπ
¯MP˜†a∂µφabP˜
∗µ
b − i
2g
fπ
¯MP˜∗µ†a ∂µφabP˜b
+
g
fπ ∂
βP˜∗µ†a ∂αφabP˜∗νb ǫµναβ −
g
fπ P˜
∗µ†
a ∂
αφab∂
βP˜∗νb ǫµναβ,(6)
D∗, B∗, D¯∗, B¯∗ D
∗, B∗, D¯∗, B¯∗
D,B, D¯, B¯ D,B, D¯, B¯
ρ, ω, σ
FIG. 1: The direct-channel Feynman diagrams for both the D ¯D∗ and
B ¯B∗ systems at the tree level. The thick line represents the vector
state D∗, B∗, ¯D∗ or ¯B∗ while the thin line stands for D, B, ¯D and ¯B, .
D,B, D¯, B¯
D,B, D¯, B¯
D∗, B∗, D¯∗, B¯∗
D∗, B∗, D¯∗, B¯∗
pi, η, ρ, ω
FIG. 2: The cross-channel Feynman diagrams for both the D ¯D∗ and
B ¯B∗ systems at the tree level. Notations are the same as in Fig. 1
.
LV = iβgv√
2
PbVµba∂µP
†
a − i
βgv√
2
∂µPbVµbaP
†
a
− i
√
2λgvǫµαβν∂µPb∂αVβbaP
∗ν†
a
− i
√
2λgvǫµαβνP∗µb ∂
αVβba∂
νP†a
− iβgv√
2
P∗νb V
µ
ba∂µP
∗†
νa + i
βgv√
2
∂µP∗νb V
µ
baP
∗†
νa
− i2
√
2λgv ¯M∗P∗µb (∂µVν − ∂νVµ)baP∗ν†a , (7)
L˜V = −iβgv√
2
∂µP˜†aV
µ
abP˜b + i
βgv√
2
P˜†aV
µ
ab∂µP˜b
+ i
√
2λgvǫµαβνP˜∗µ†a ∂αV
β
ab∂
νP˜b
+ i
√
2λgvǫµαβν∂µP˜†a∂αVβabP˜
∗ν
b
+ i
βgv√
2
∂µP˜∗†νaV
µ
baP˜
∗ν
b − i
βgv√
2
P˜∗†νaV
µ
ab∂µP˜
∗ν
b
− i2
√
2λgv ¯M∗P˜∗µ†a (∂µVν − ∂νVµ)abP˜∗νb , (8)
LS = −2gs ¯MPbσP†b + 2gs ¯M∗P
∗µ
b σP
∗†
µb (9)
L˜S = −2gs ¯MP˜†aσP˜a + 2gs ¯M∗P˜∗†µaσP˜∗µa (10)
where the heavy flavor meson fields P and P∗ represent P =
(D0, D+) or (B−, ¯B0) and P∗ = (D∗0, D∗+) or (B∗−, ¯B∗0). Its
3corresponding heavy anti-meson fields P˜ and P˜∗ represent P˜ =
( ¯D0, D−) or (B+, B0) and P˜∗ = ( ¯D∗0, D∗−) or (B∗+, B∗0). φ, V
represent the the exchanged pseudoscalar and vector meson
matrices, σ is the only scalar meson interacting with the heavy
flavor meson.
φ =
 π0√2 + η√6 π+π− − π0√
2
+
η√
6
 (11)
V =
 ρ
0
√
2
+ ω√
2
ρ+
ρ− − ρ0√
2
+ ω√
2
 (12)
According the OBE model, five mesons ( π, σ, ρ, ω and η)
contribute to the effective potential. In the D ¯D∗ and B ¯B∗ sys-
tems we considered, the potentials are the same for the three
isovector states in Eqs. (1)∼(4) with the exact isospin sym-
metry. Expanding the Lagrangian densities in Eqs. (5)∼(10)
leads to each meson’s contribution for the two coupled chan-
nels. These channel-dependent coefficients are listed in Table
II. The pionic coupling constant g=0.59 is extracted from the
width of D∗+[37]. fπ = 132MeV is the pion decay constant.
According the vector meson dominance mechanism, the pa-
rameters gv and β can be determined as gv = 5.8 and β = 0.9.
At the same time, by matching the form factor obtained from
the light cone sum rule and that calculated from the lattice
QCD, we can get λ = 0.56GeV−1[38, 39]. The coupling con-
stant related to the scalar meson exchange is gs = gπ/2
√
6
with gπ = 3.73 [30, 40]. All these parameters are listed in
Table I.
TABLE I: The coupling constants and masses of the heavy mesons
and the exchanged light mesons used in our calculation. The masses
of the mesons are taken from the PDG [41]
mass(MeV) coupling constants
pseudoscalar mπ = 134.98 g = 0.59
mη = 547.85 fπ = 132MeV
vector
mρ = 775.49 gv = 5.8
mω = 782.65 β = 0.9
λ = 0.56GeV−1
scalar mσ = 600 gs = gπ/2
√
6
gπ = 3.73
heavy flavor
mD = 1864.9
mD∗ = 2010.0
mB = 5279.0
mB∗ = 5325
In order to include all the momentum-related terms in our
calculation, we need introduce the polarization vectors of the
vector mesons. The polarization vector at its rest frame is
ǫλ = (0, ~ǫλ) (13)
We need to make a lorentz boost to Eq. 13 to derive the polar-
TABLE II: coefficients
isospin direct-channel cross-channel
ρ ω σ ρ ω π η
D ¯D∗ I = 1 -1/2 1/2 1 −c/2 c/2 −c/2 c/6I = 0 3/2 1/2 1 3c/2 c/2 3c/2 c/6
B ¯B∗ I = 1 -1/2 1/2 1 −c/2 c/2 −c/2 c/6I = 0 3/2 1/2 1 3c/2 c/2 3c/2 c/6
ization vector in the laboratory frame
ǫlabλ = (
~p · ~ǫλ
m
, ~ǫλ +
~p · (~p · ~ǫλ)
m(P0 + m) ) (14)
where p = (p0, p) is the particle’s 4-momentum in the labora-
tory frame and m is the mass of the particle.
B. Effective potential
Together with the wave function and Feynman diagram, we
can derive the relativistic scattering amplitude at the tree level
〈 f |S |i〉 = δ f i + i〈 f |T |i〉 = δ f i + (2π)4δ4(p f − pi)iM f i, (15)
where the T-matrix is the interaction part of the S-matrix and
M is defined as the invariant matrix element. After applying
Bonn approximation on the Lippmann-Schwinger equation,
the S-matrix reads
〈 f |S |i〉 = δ f i − 2πδ(E f − Ei)iV f i (16)
with V f i being the effective potential. Considering the differ-
ent normalization conventions used for the scattering ampli-
tude M f i, T -matrix T f i and V f i, we have
V f i = −
M f i√∏
f
2p f 0
∏
i
2pi0
≈ − M f i√∏
f
2m f 0
∏
i
2mi0
(17)
where p f (i) denotes the four momentum of the final (initial)
state.
During our calculation, P1(E1, ~p) and P2(E2,−~p) denote
the four momenta of the initial particles in the center mass
system, while P3(E3, ~p′) and P4(E4,−~p′) denote the four mo-
menta of the final particles, respectively.
q = P3 − P1 = (E3 − E1, ~p′ − ~p) = (E2 − E4, ~q) (18)
is the transferred four momentum or the four momentum of
the meson propagator. For convenience, we always use
~q = ~p′ − ~p (19)
and
~k = 1
2
(~p′ + ~p) (20)
instead of ~p′ and ~p in the practical calculation.
4In the OBE model, each vertex in the Feynman diagram
needs a form factor to suppress the high momentum contribu-
tion. We take the conventional form for the form factor as in
the Bonn potential model.
F(q) = Λ
2 − m2α
Λ2 − q2 =
Λ2 − m2α
˜Λ2 + ~q2
(21)
mα is the mass of the exchanged meson and
˜Λ2 = Λ2 − (m∗ − m)2 (22)
where m and m∗ is the mass of the heavy flavor meson D and
D∗ or B and B∗. So far, the effective potential is in the momen-
tum space. In order to solve the time independent Schro¨dinger
equation in the coordinate space, we need to make the Fourier
transformation to V(~q,~k). The details of the Fourier transfor-
mations are presented in the Appendix.
All the meson exchanged potentials for B ¯B∗ and D ¯D∗ are
the same, except the π exchange potential. The π mass is
larger than the mass difference of B and ¯B∗ but smaller than
that of D and ¯D∗.
The expressions of the direct-channel effective potential
through exchanging the σ, ρ mesons are
Vσ = −Cσg2s(~ǫb · ~ǫa†)F1tσ
−Cσg2s
1
2m∗2
(F3t1σ + F3t2σ)
+Cσg2s
1
2m∗2
(~ǫb × ~ǫa†) · ~L
i
F5tσ (23)
Vρ = −Cρβ2g2v
~ǫb · ~ǫa†
2
F1tρ
+Cρ(
λβg2v
m∗
− β
2g2v
4m∗2
)(F3t1ρ + F3t2ρ)
−Cρβ2g2v
~ǫb · ~ǫa†
2mm∗
[F4t1ρ + {−12∇
2, F4t2ρ}]
+Cρ(
β2g2v
4m∗2
− λβg2v
m∗ + m
mm∗
) (~ǫb × ~ǫa
†) · ~L
i
F5tρ (24)
The ω and ρ meson exchange potentials have the same form
except that the meson mass and channel-dependent coeffi-
cients are different.
The expression of the cross-channel effective potential
through exchanging the π meson in the B ¯B∗ system is
Vπ = CCπ
g2π
f 2π
(m∗ + m)2
4m∗2
(F3u1π + F3u2π)
+CCπ
g2π
f 2π
m∗2 − m2
2m∗2
(~ǫb × ~ǫa†) · ~L
i
F5uπ
−CCπ
g2π
f 2π
(m∗ − m)2
m∗2
(F6u1 + F6u2π∇ + F6u3π∇2)(25)
The expression of the cross-channel effective potential
through exchanging the π meson in the D ¯D∗ system is
V ′π = CCπ
g2π
f 2π
(m∗ + m)2
4m∗2
(F′3u1π + F′3u2π)
+CCπ
g2π
f 2π
m∗2 − m2
2m∗2
(~ǫb × ~ǫa†) · ~L
i
F′5uπ
−CCπ
g2π
f 2π
(m∗ − m)2
m∗2
(F′6u1 + F′6u2π∇ + F′6u3π∇2)(26)
The expression of the cross-channel effective potential
through exchanging the ρ meson is
Vρ = −CCρλ2g2v
(m∗ + m)2
2mm∗
(~ǫb · ~ǫa†)F2uρ
+CCρλ2g2v
(2m∗ − m)(m∗ + m)2
2m∗3
(F3u1ρ + F3u2ρ)
+CCρλ2g2v
2(m∗ − m)2
mm∗
~ǫb · ~ǫa†[F4u1ρ + {−12∇
2, F4u2ρ}]
−CCρλ2g2v
m(m∗2 − m2)
m∗3
(~ǫb × ~ǫa†) · ~L
i
F5uρ
+CCρλ2g2v
2(2m∗ + m)(m∗ − m)2
m∗3
(F6u1ρ + F6u2ρ∇
+F6u3ρ∇2) (27)
Similarly, the η and π meson exchange potential has the same
form in the B ¯B∗ system. The potential from the ω and ρ meson
exchange is also similar except the meson mass and channel-
dependent coefficients. The explicit forms of Fµtα,Fµuα,Fµtνα,
Fµuνα, F ′µuνα are shown in the Appendix.
In our calculation, we explicitly consider the external mo-
mentum of the initial and final states. Due to the recoil cor-
rections, several new terms appear which were omitted in the
heavy quark symmetry limit. These momentum dependent
terms are related to the momentum ~k = 12 (~p′ + ~p):
~k2
~q2 + m2α
(28)
and
i~S · ~k × ~q
~q2 + m2α
(29)
and
(~ǫb · ~k)(~ǫa† · ~k)
~p2 + m2α
(30)
where ~S = −i(~ǫb × ~ǫa†). The term in Eq. (29) is the well-
known spin orbit force. The term in Eq. (30) depends on
the spin and results in the momentum-related operator ∇, ∇2.
The Fourier transformation of the above new interaction terms
are also shown in the Appendix. In short, all the terms in
the effective potentials in the form of F4t1ρ, F′5uπ, (F6u1ρ +
F6u2ρ∇ + F6u3ρ∇2) etc with the sub-indices 4, 5, 6 arise from
the recoil corrections and vanish when the heavy meson mass
m,m∗ goes to infinity. Especially, the spin orbit force appears
at O(1/M)!
5C. Schro¨dinger equation
With the effective potential V(~r) in Eqs. (23) ∼ (27), we are
able to study the binding property of the system by solving the
Schro¨dinger Equation
(− ~
2
2µ
∇2 + V(~r) − E)Ψ(~r) = 0, (31)
where Ψ(~r) is the total wave function of the system. The total
spin of the system S = 1 and the orbital angular momenta
L = 0 and L = 2. Thus the wave function Ψ(~r) should have
the following form
Ψ(~r) = ψS (~r) + ψD(~r), (32)
where ψS (~r) and ψD(~r) are the S -wave and D-wave functions,
respectively. In the matrix method, we use Laguerre polyno-
mials as a set of orthogonal basis
χnl(r) =
√
(2λ)(2l + 3)n!
Γ(2l + 3 + n) r
le−λrL2l+2n (2λr), n = 1, 2, 3... (33)
with a normalization condition of∫ ∞
0
χim(r)χin(r)r2dr = δi jδmn. (34)
We expand the total wave function as
Ψ(~r) =
n−1∑
i=0
aiχi0(r)φS +
n−1∑
p=0
bpχp2(r)φD, (35)
where φS and φD are the angular part of the spin and orbital
wave function for the S - and D-states, respectively. ai and bi
are the corresponding expansion coefficients.
In the practical calculation, we detach the terms related to
the kinetic-energy-operator ∇2 and ∇ from V(~r) and re-write
Eq. (31) as
(− ~
2
2µ
∇2 − ~
2
2µ
[∇2α(r) + α(r)∇2] + α1(r)∇ + α2(r)∇2
+V˜(~r) − E )Ψ(~r) = 0 (36)
with
∇2 = 1
r
d2
dr2
r −
−→L 2
r2
, (37)
in which α(r),α1(r) and α2(r) are
α(r) = (−2µ)(−Cρβ2g2v
~ǫb · ~ǫa†
2mm∗
F4t2ρ −Cωβ2g2v
~ǫb · ~ǫa†
2mm∗
F4t2ω
+CCρλ2g2v
2(m∗ − m)2
mm∗
~ǫb · ~ǫa†F4u2ρ
+CCωλ2g2v
2(m∗ − m)2
mm∗
~ǫb · ~ǫa†F4u2ω) (38)
α1(r) = CCπ g
2
π
f 2π
(m∗ − m)2
m∗2
F′6u2π
+CCη
g2η
f 2η
(m∗ − m)2
m∗2
F6u2η
+CCρλ2g2v
2(2m∗ + m)(m∗ − m)2
m∗3
F6u2ρ
+CCωλ2g2v
2(2m∗ + m)(m∗ − m)2
m∗3
F6u2ω (39)
α2(r) = Cπ
g2π
f 2π
(m∗ − m)2
m∗2
F′6u3π
+CCη
g2η
f 2η
(m∗ − m)2
m∗2
F6u3η
+CCρλ2g2v
2(2m∗ + m)(m∗ − m)2
m∗3
F6u3ρ
+CCωλ2g2v
2(2m∗ + m)(m∗ − m)2
m∗3
F6u3ω (40)
Then, with the wave function in Eq. (35), the Hamiltonian
matrix can be expressed as(
HS S HS D
HDS HDD
)
(41)
with
HS S = 〈φS |
∫ ∞
0
n−1∑
i, j
aiχi0(r){− ~
2
2µ
[1 + α(r)]∇2a jχ j0(r)
− ~
2
2µ
∇2[α(r)a jχ j0(r)] + α1(r)∇a jχ j0(r)
+α2(r)∇2a jχ j0(r) + VS S (r)a jχ j0(r)}r2dr|φS 〉, (42)
HS D = 〈φS |
∫ ∞
0
n−1∑
i,p
aiχi0(r)VS D(r)bpχp2(r)r2dr|φD〉, (43)
HDS = 〈φD |
∫ ∞
0
n−1∑
p,i
bpχp2(r)VDS (r)aiχi0(r)r2dr|φS 〉, (44)
and
HDD = 〈φD |
∫ ∞
0
n−1∑
p,q
bpχp2(r){− ~
2
2µ
[1 + α(r)]∇2bqχq2(r)
− ~
2
2µ
∇2[α(r)bqχq2(r)] + α1(r)∇bqχq2(r)
+α2(r)∇2bqχq2(r) + VDD(r)bqχq2(r)}r2dr|φD〉. (45)
The total Hamiltonian contains three angular momentum re-
lated operators ˆ~ǫb · ˆ~ǫ†a , ˆS 12, ( ˆ~ǫb × ˆ~ǫ†a ) · ˆ~L, which corresponds to
6the spin-spin interaction, the spin orbit force and tensor force
respectively. They act on the S and D-wave coupled wave
functions and split the total effective potential V˜(~r) into the
subpotentials VS S (r), VS D(r), VDS (r) and VDD(r). The matrix
form reads
〈φS + φD | ˆ~ǫb · ˆ~ǫ†a V˜(~r)|φS + φD〉 =
(
VS S (r) 0
0 VDD(r)
)
(46)
〈φS + φD| ˆS 12V˜(~r)|φS + φD〉 =
(
0 −
√
2VS D(r)
−
√
2VDS (r) 1
)
(47)
〈φS + φD|( ˆ~ǫb × ˆ~ǫ†a ) · ˆ~LV˜(~r)|φS + φD〉 =
(
0 0
0 3iVDD(r)
)
(48)
where the tensor force operator ˆS 12 mixes the S-wave and D-
wave contribution and is defined as
ˆS 12 = 3(~r · ˆ~ǫb)(~r · ˆ~ǫ†a ) − ˆ~ǫb · ˆ~ǫ†a (49)
III. NUMERICAL RESULTS
We diagonalize the Hamiltonian matrix to obtain the eigen-
value and eigenvector. If there exists a negative eigenvalue,
there exists a bound state. The corresponding eigenvector is
the wave function. We use the variation principle to solve the
equation. We change the variable parameter to get the lowest
eigenvalue. We also change the number of the basis functions
to reach a stable result.
A. X(3872)
The mass of the π meson is smaller than the mass differ-
ence of D and ¯D∗, which causes the Fourier transformation
of the π-meson-exchange potential to be a complex function.
The different treatment of this complex potential would lead
to quite different results for the system. In our approach, we
drop the the imaginary part of the potential.
In order to distinguish each meson’s effect, we plot each
meson’s S-wave contribution to the potential in the first figure
in Fig.4. The π meson provides the most attractive force while
the σ meson’s attraction is relatively small.
The main contribution to the binding energy comes form
the S-wave attractive force. We also plot the effective potential
in the first diagram in Fig. 3. Vs and Vd are the effective po-
tential of the S-wave and D-wave interaction after adding the
momentum-related terms. V ′s and V ′d are the effective potential
of the S-wave and D-wave interaction without the momentum-
related terms. We can see a clear difference between Vs and
V ′s, which cause an obvious correction to the binding energy
when we consider the momentum-related terms.
We first used the computation programme to reproduce the
deuteron system successfully. Then we move on to investi-
gate the possibility of X(3872) as the D ¯D∗ molecular state
with quantum number I = 0, JPC = 1++. For comparison,
we first do not consider the momentum-related terms. Then
we add the momentum-related terms and repeat the numerical
analysis to investigate its correction to the system.
Considering that the binding energy of X(3872) is tiny, the
inclusion of the momentum-related terms may lead to signifi-
cant corrections to this very loosely bound system.
We collect the numerical results of the binding energy
with the variation of the cutoff parameter Λ Table III. E and
E′ is the eigen-energy of Hamiltonian with and without the
momentum-related terms respectively. Besides the total en-
ergy, we also list the separate contribution to the energy from
the S-wave, D-wave and spin-orbit force components respec-
tively in the fourth, fifth and sixth column. The last column is
the mass of X(3872) as a molecular system.
There exists a bound state solution when the cutoff pa-
rameter changes from 1.1 ∼ 1.3 GeV. The binding energy
with the recoil correction is around 0.054 ∼ 7.131 MeV and
the binding energy without the recoil correction is around
0.276 ∼ 9.686 MeV. When the binding energy is 7.131 MeV
with Λ = 1.3 GeV, the recoil correction is 2.555 MeV and the
contribution of the spin-orbit force is 0.573 MeV. When the
binding energy is 2.361 MeV, the recoil correction is 1.075
MeV and the contribution of the spin-orbit force is 0.213 MeV.
When the binding energy decrease to 0.054 withΛ = 1.1 GeV,
the recoil correction reach 0.222 MeV, which is even bigger
than the binding energy itself. Now the contribution of the
spin-orbit force is 0.038 MeV and almost as big as the D-wave
contribution. Clearly the recoil correction decrease the bind-
ing energy and renders X(3872) to be an extremely loosely
bound molecular states partly.
TABLE III: The bound state solutions of the D ¯D∗ system with
IG = 0+, JPC = 1++ (in unit of MeV) with the cutoff Λ. E and E′
is the eigen-energy of the system with and without the momentum-
related terms respectively. We also list the separate contribution to
the energy from the S-wave, D-wave and spin-orbit force compo-
nents respectively in the fourth, fifth and sixth column. The last col-
umn is the mass of X(3872) as a molecular system.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
1.10 E -0.054 -4.364 0.052 0.038 3874.846E′ -0.276 -4.458 0.017 - 3874.624
1.15 E -0.884 -10.02 0.128 0.104 3874.016E′ -1.449 -10.48 0.031 - 3873.451
1.20 E -2.361 -17.23 0.245 0.213 3872.539E′ -3.436 -18.14 0.046 - 3871.464
1.25 E -4.469 -24.80 0.401 0.367 3870.431E′ -6.203 -26.29 0.059 - 3868.697
1.30 E -7.131 -32.45 0.609 0.573 3867.769E′ -9.686 -34.63 0.076 - 3865.214
7B. The D ¯D∗ system with IG = 0−, JPC = 1+−
We also calculate the D ¯D∗ system with I = 0, JPC = 1+−.
The results with the variation of the cutoff from 1.4 ∼ 1.6GeV
are shown in the Table.IV. There might also exist a bound
state with odd C parity. Its binding energy is slightly smaller
than that of X(3872) with the same cutoff. When the bind-
ing energy is 2.386 MeV with Λ = 1.4 GeV, the total recoil
correction reaches −0.447 MeV while the contribution of the
spin-orbit force is +0.9 MeV, which is also almost as big as
the D-wave contribution. Clearly the recoil correction is fa-
vorable to the formation of the molecular state in this channel.
The corresponding effective potential and the exchanged
meson’s contribution are also shown in the second figure in
Fig.3 and Fig.4.
TABLE IV: The bound state solution of the D ¯D∗ system with IG =
0−, JPC = 1+− (in unit of MeV) with Λ. E and E′ is the eigen-
energy of the system with and without the momentum-related terms
respectively. We also list the separate contribution to the energy from
the S-wave, D-wave and spin-orbit force components respectively in
the fourth, fifth and sixth column. The last column is the mass of the
D ¯D∗ system with IG = 0−, JPC = 1+− as a molecular state.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
1.40 E -2.386 -10.55 -1.587 0.900 3872.514E′ -1.939 -12.30 -2.371 - 3872.961
1.45 E -7.098 -20.90 -2.863 2.019 3867.802E′ -6.298 -24.65 -4.655 - 3868.602
1.50 E -14.62 -33.88 -4.236 3.635 3860.28E′ -13.43 -40.41 -7.513 - 3861.47
1.55 E -25.20 -49.63 -5.657 5.822 3849.70E′ -23.58 -59.87 -10.97 - 3851.32
1.60 E -39.10 -68.32 -7.074 8.65 3835.80E′ -36.95 -83.32 -15.06 - 3837.95
C. Zc(3900)
The newly observed Zc(3900) was explained as the isovec-
tor partner of X(3872) with JPC = 1+− by some theoretical
groups [42–44].
We carefully perform the investigation of the D ¯D∗ system
with I=1+, JPC = 1+−. We consider the S-wave and D-wave
mixing, the spin orbit force at O(1/M) and all the other pos-
sible recoil corrections up to O(1/M2). The corresponding ef-
fective potential and the exchanged meson’s contribution are
also shown in the fourth diagram in Fig. 3 and Fig. 4. Unfor-
tunately, we are unable to obtain a bound state solution with
the pionic coupling g = 0.59 which was extracted from the
D∗ decay width. It seems there probably does not exist a
loosely bound isovector molecular state composed of the D ¯D∗
mesons.
On the other hand, the π meson exchange plays a dominant
role. Considering the uncertainty of g, we try to increase this
coupling constant to check the dependence of the results on g.
We find when the coupling constant g increases by a factor of
1.6 , a bound state appears. The results are listed Table V.
The binding energy of the JPC = 1+− molecule
with/without the recoil correction is around 0.037 ∼ 15.82
MeV and 0.322 ∼ 18.51 MeV respectively. When the binding
energy is 0.037 MeV, the recoil correction is 0.285 MeV and
the contribution of the spin-orbit force is 0.058 MeV. Clearly
the recoil corrections are of the same order as the binding en-
ergy and unfavorable to the formation of the molecular state.
TABLE V: The IG = 1+, JPC = 1+− D ¯D∗ system with with the en-
hanced coupling constant g and Λ = 2.0 GeV. The other notations
are the same as in Table III.
g · n Eigenvalue Masstotal S D LS (MeV)
g · 1.6 E -0.037 -7.244 0.169 0.058 3874.863E′ -0.322 -7.421 0.107 - 3874.578
g · 1.7 E -4.293 -42.32 0.957 0.359 3870.607E′ -5.634 -43.21 0.579 - 3869.266
g · 1.8 E -15.82 -93.30 2.007 0.822 3859.08E′ -18.51 -95.04 1.146 - 3856.39
D. The D ¯D∗ system with IG = 1−, JPC = 1++
We also perform the investigation of the D ¯D∗ system with
IG = 1−, JPC = 1++. The corresponding effective potential
and the exchanged meson’s contribution are also shown in the
third diagram in Fig. 3 and Fig. 4. There does not exist a
bound state solution with the pionic coupling g = 0.59. If we
increase g by a factor 2.4, there appears a bound state. The
numerical results are listed in Table VI.
The binding energy of the possible JPC = 1++ state with
the recoil correction is around 1.777 ∼ 14.49 MeV while it
is around 0.524 ∼ 8.67 MeV without the recoil correction.
When the binding energy is 1.777 MeV, the total recoil correc-
tion is 1.253 MeV and the contribution of the spin-orbit force
alone is −1.903 MeV. The recoil corrections are comparable
with the binding energy and very favorable to the formation
of the possible loosely bound molecule.
E. The B ¯B∗ system
The effective potential and meson contributions are shown
in Fig. refB-potentialand Fig. 6. From Fig. 6, one can see that
the π and ρ and ω mesons potentials are comparable.
Let’s focus on the the momentum-related correction. From
Fig. 5, we can see that the two curves of Vs and V ′s almost
overlap. The dominant momentum-related correction comes
from the D-wave interaction. In all cases, the momentum-
related correction is much smaller than that in the D ¯D∗ sys-
8TABLE VI: The IG = 1−, JPC = 1++ D ¯D∗ system with the enhanced
coupling constant g and Λ = 2 GeV. The other notations are the same
as in Table III.
g · n Eigenvalue Masstotal S D LS (MeV)
g · 2.4 E -1.777 6.093 -7.074 -1.903 3873.123E′ -0.524 6.019 -5.202 - 3874.376
g · 2.5 E -6.518 12.23 -15.67 -4.313 3868.382E′ -3.311 12.11 -11.42 - 3871.589
g · 2.6 E -14.49 18.99 -26.35 -7.42 3860.41E′ -8.67 18.86 -19.02 - 3866.23
tem, which is expected because the B meson is much heavier
than the D meson.
For the B ¯B∗ system, there exist bound states with the above
three kinds of quantum number when varying the cutoff in an
appropriate range. We collect the numerical results in Tables
VII, VII, IX, X.
The IG = 1+, JPC = 1+− bound state corresponds to the
candidate of Zb(10610). The binding energy with the recoil
correction is around 0.251 ∼ 18.5 MeV and the binding en-
ergy without recoil correction is about 0.348 ∼ 19.58 MeV
with the cutoff from 2.1 ∼ 2.9 GeV. When the binding energy
is 0.251 MeV, the recoil correction is 0.097 MeV.
For the IG = 1+, JPC = 1+− bound state, its binding energy
with the recoil correction is around 0.02 ∼ 0.446 MeV and
about 0.065 ∼ 0.56 MeV without the recoil correction with
the cutoff varies from 4.9 ∼ 5.1 GeV. However, this cutoffmay
be too larger for a loosely bound system. Its binding energy
is much smaller than that of Zb(10610). When the binding
energy is 0.02 MeV, the recoil correction is 0.045 MeV and
the contribution of spin-orbit force is 0.04 MeV.
There exist two I = 0 bound states which might be the
isocalar partners of Zb(10610). For the IG = 0+, JPC =
1++ molecule, the binding energy with the recoil correction
is about 0.28 ∼ 36.87 MeV when the cutoff varies from
0.7 ∼ 1.1 GeV. When the binding energy is 0.28 MeV, the
recoil correction is 0.047 MeV. For the IG = 0−, JPC = 1+−
molecule, the binding energy with the recoil correction varies
from 0.29 ∼ 21.09 MeV with the cutoff around 1.0 ∼ 1.2 GeV.
IV. SUMMARY AND DISCUSSION
In the framework of the one boson exchange model, we
have calculated the effective potentials between two heavy
mesons from the t- and u-channel π, η, ρ, ω and σ meson
exchange. We keep the recoil corrections to the B ¯B∗ and
D ¯D∗ system up to O( 1M2 ). We also keep terms related to
~k = 12 (~p′ + ~p), which is the sum of the initial and final mo-
mentum of the system. Especially, the spin orbit force appears
at O( 1M ), which turns out to be important for the very loosely
bound molecular states.
We have carefully investigated the B ¯B∗ and D ¯D∗ systems
TABLE VII: The B ¯B∗ system with IG = 1+, JPC = 1+− (in unit of
MeV). The other notations are the same as in Table III.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
2.1 E -0.251 -6.320 0.079 0.0008 10603.749E′ -0.348 -6.337 0.075 - 10603.652
2.3 E -1.766 -18.76 0.227 0.011 10602.234E′ -2.026 -19.11 0.214 - 10601.974
2.5 E -4.988 -36.17 0.430 0.022 10599.012E′ -5.461 -36.21 0.404 - 10598.539
2.7 E -10.39 -59.52 0.706 0.038 10593.61E′ -11.14 -59.56 0.663 - 10592.86
2.9 E -18.50 -89.71 1.075 0.058 10585.50E′ -19.58 -89.74 1.009 - 10584.42
TABLE VIII: The B ¯B∗ system with IG = 1−, JPC = 1++ (in unit of
MeV). The other notations are the same as in Table III.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
4.9 E -0.02 0.772 -0.932 -0.040 10603.98E′ -0.065 0.764 -0.895 - 10603.935
4.95 E -0.089 1.049 -1.252 -0.054 10603.911E′ -0.148 1.039 -1.202 - 10603.852
5.0 E -0.18 1.397 -1.665 -0.072 10603.820E′ -0.256 1.384 -1.598 - 10603.744
5.05 E -0.298 1.809 -2.155 -0.094 10603.702E′ -0.392 1.792 -2.068 - 10603.608
5.1 E -0.446 2.273 -2.710 -0.118 10603.554E′ -0.56 2.254 -2.60 - 10603.440
TABLE IX: The B ¯B∗ system with IG = 0+, JPC = 1++ (in unit of
MeV). The other notations are the same as in Table III.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
0.7 E -0.280 -3.174 0.039 0.005 10603.720E′ -0.327 -3.178 0.034 - 10603.673
0.8 E -0.930 -6.631 0.108 0.008 10603.070E′ -1.027 -6.615 0.100 - 10602.973
0.9 E -6.631 -22.31 0.188 0.050 10597.369E′ -7.705 -22.45 0.140 - 10596.295
1.0 E -19.08 -44.46 0.034 0.206 10584.920E′ -20.42 -45.08 0.663 - 10583.58
1.1 E -36.87 -67.91 0.403 0.590 10567.13E′ -39.87 -69.45 -0.158 - 10643.87
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FIG. 3: The effective potential of the D ¯D∗ system. Labels A,B,C,D
correspond to the four cases I = 0, JPC = 1++; I = 0, JPC = 1+−;
I = 1, JPC = 1++; I = 1, JPC = 1+− respectively from top to bot-
tom. Vs and Vd are the effective potential of the S-wave and D-wave
interaction with the momentum-related terms while V ′s and V ′d are
the S-wave and D-wave effective potential without the momentum-
related terms.
with four kinds of quantum number: I = 0, JPC = 1++; I = 0,
JPC = 1+−; I = 1, JPC = 1++; I = 1, JPC = 1+−.
After solving the Schro¨dinger equation by the variation
method, we notice that there exist two isoscalar D ¯D∗ molecu-
lar states with JPC = 1++ and JPC = 1+− with or without the
momentum-related corrections. The first C-parity even 1++
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FIG. 4: The effective potential from the different meson exchange in
the D ¯D∗ system. Labels A,B,C,D are the same as in Fig. 3.
state corresponds to X(3872). In contrast, there exist loosely
bound states in three channels for the B ¯B∗ system with the
cutoff in a reasonable range.
Our numerical results show that the momentum-related cor-
rections are unfavorable to the formation of the loosely bound
molecular states in the I = 0, JPC = 1++ and I = 1, JPC = 1+−
channels in the D ¯D∗ system. Especially the recoil corrections
are quite large. For example, the recoil correction may be
larger than the binding energy of X(3872), which may partly
force X(3872) to become a very shallow bound state. As ex-
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TABLE X: The B ¯B∗ system with IG = 0−, JPC = 1+− (in unit of
MeV). The other notations are the same as in Table III.
Λ(GeV) Eigenvalue Masstotal S D LS (MeV)
1.0 E -0.290 -0.042 -0.568 0.023 10603.710E′ -0.290 -0.049 -0.584 - 10603.710
1.05 E -1.838 -0.502 -1.832 0.132 10602.162E′ -1.841 -0.548 -1.936 - 10602.159
1.1 E -5.388 -1.992 -3.794 0.409 10598.612E′ -5.439 -2.145 -4.135 - 10598.561
1.15 E -11.60 -5.079 -6.447 0.939 10592.40E′ -11.81 -5.451 -7.256 - 10592.19
1.2 E -21.02 -10.24 9.779 1.798 10582.98E′ -21.59 -10.99 -11.37 - 10582.41
pected, the recoil correction in the D ¯D∗ system is much larger
than that in the B ¯B∗ system.
However, we are unable to find a bound state for the D ¯D∗
system with I = 1, JPC = 1++ and I = 1, JPC = 1+− with
the pionic coupling g = 0.59 which was extracted from the D∗
decay width and plays a dominant role in the effective poten-
tial, although we have systematically included the S-D wave
mixing effect, the spin orbit force and all the other recoil cor-
rections up to O( 1M2 ). A loosely bound state appears if we
increase g manually by a factor of 1.6 ∼ 1.8 after the inclu-
sion of the recoil corrections.
It seems that it’s not so easy to accommodate the newly
observed charged resonance Zc(3900) as the candidate of the
isovector molecular state of D ¯D∗. The present investigation
shows that the recoil corrections may diminish the binding
energy by one to several MeV and are unfavorable to the for-
mation of loosely bound molecular states in this channel. Ex-
perimentally the mass Zc(3900) seems above the D ¯D∗ thresh-
old. Our analysis shows that there does exist attraction in this
channel. One may wonder whether Zc(3900) is a candidate of
the molecular-type resonance instead of a D ¯D∗ bound state.
On the other hand, we should also inspect the framework
of the one boson exchange model. One obvious uncertainty
arises from the cutoff parameter, which is commonly used to
suppress the high momentum contribution. Moreover, in the
derivation of the effective potential, we make Fourier trans-
formation to the effective potential in the momentum space
to derive the potential in the coordinate space. In case of the
D ¯D∗ system, the mass splitting between D and ¯D∗ is larger
than the pion mass. Hence the integral contains an imaginary
part. The commonly used approach is to take the principal
value of this integral and omit the imaginary part in order to
ensure the effective potential and Hamiltonian to be real. The
resulting potential is oscillating. The reliability of such a for-
malism deserves further investigation.
In short, the XYZ states provide a unique platform to study
the complicated low energy strong dynamics. The charmo-
nium (or Upsilon) spectrum above the open charm (or bot-
tom) threshold and those charmonium-like XYZ states as non-
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FIG. 5: The effective potential of the B ¯B∗ system. Notations are the
same as in Fig. 3.
conventional candidates are particularly interesting. In order
to interpret their underlying structures, we need also investi-
gate their decay pattern and production mechanisms.
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FIG. 6: The effective potential from the different meson exchange in
the B ¯B∗ system. Labels A,B,C,D are the same as in Fig. 3.
VI. APPENDIX
We collect the expressions of the functions used in the pre-
vious sections in the appendix.
Y(m˜αr) = exp(m˜αr)
m˜αr
(50)
Z(m˜αr) = (1 + 3
m˜αr
+
3
(m˜αr)2 )Y(m˜αr) (51)
Z1(m˜αr) = ( 1
m˜αr
+
1
(m˜αr)2 )Y(m˜αr) (52)
Z′(m˜αr) = sin(m˜αr)
m˜αr
− 3
m˜αr
sin(m˜αr)
m˜αr
+
1
(m˜αr)2
cos(m˜αr)
m˜αr
. (53)
Z′1(m˜αr) =
1
m˜αr
sin(m˜αr)
m˜αr
+
1
(m˜αr)2
cos(m˜αr)
m˜αr
(54)
where for the D ¯D∗ system
m˜2π = (m∗D − mD)2 − m2π, (55)
m˜2σ,ρ,ω,η = m
2
σ,ρ,ω,η − (m∗D − mD)2. (56)
whille for the B ¯B∗ system
m˜2π,σ,ρ,ω,η = m
2
π,σ,ρ,ω,η − (m∗B − mB)2. (57)
F1tα = F {(
Λ2 − m2α
Λ2 + ~q2
) 1
~q2 + m2α
}
= mαY(mαr) − ΛY(Λr) − (Λ2 − m2α)
e−Λr
2Λ
(58)
F1uα = F {(
Λ2 − m2α
˜Λ2 + ~q2
) 1
~q2 + m˜2α
}
= m˜αY(m˜αr) − ˜ΛY( ˜Λr) − (Λ2 − m2α)
e− ˜Λr
2 ˜Λ
(59)
F2tα = F {(
Λ2 − m2α
Λ2 + ~q2
) ~q
2
~q2 + m2α
}
= m2α[ΛY(Λr) − mαY(mαr)]
+ (Λ2 − m2α)Λ
e−Λr
2
(60)
F2uα = F {(
Λ2 − m2α
˜Λ2 + ~q2
) ~q
2
~q2 + m˜2α
}
= m˜2α[ ˜ΛY( ˜Λr) − m˜αY(m˜αr)]
+ (Λ2 − m2α) ˜Λ
e− ˜Λr
2
(61)
F3tα = F {(
Λ2 − m2α
Λ2 + ~q2
) ( ~σ1 · ~q)( ~σ2 · ~q)
~p2 + m2α
}
=
1
3 ~σ1 · ~σ2[ m
2
αΛY(Λr) − m3αY(mαr)
+ (Λ2 − m2α)Λ
e−Λr
2
]
+
1
3 S 12[−m
3
αZ(mαr) + Λ3Z(Λr)
+ (Λ2 − m2α)(1 + Λr)
Λ
2
Y(Λr)]
= ( ~σ1 · ~σ2)F3t1 + S 12F3t2 (62)
12
F3uα = F {(
Λ2 − m2α
˜Λ2 + ~q2
) ( ~σ1 · ~q)( ~σ2 · ~q)
~q2 + m˜2α
}
=
1
3 ~σ1 · ~σ2[m˜
2
α
˜ΛY( ˜Λr) − m˜3αY(m˜αr)
+ (Λ2 − m2α) ˜Λ
e− ˜Λr
2
]
+
1
3S 12[−m˜α
3Z(m˜αr) + ˜Λ3Z( ˜Λr)
+ (Λ2 − m2α)(1 + ˜Λr)
˜Λ
2
Y( ˜Λr) ]
= ( ~σ1 · ~σ2)F3u1α + S 12F3u2α (63)
F ′3uα = F {(
Λ2 − m2α
˜Λ2 + ~q2
) ( ~σ1 · ~q)( ~σ2 · ~q)
~p2 − m˜α2
}
=
1
3 ~σ1 · ~σ2[ − m˜
2
α
˜ΛY( ˜Λr) − m˜3α
cos(m˜αr)
m˜αr
+ (Λ2 − m2α) ˜Λ
e− ˜Λr
2
]
+
1
3 S 12[m˜
3
αZ
′(m˜αr) + ˜Λ3Z( ˜Λr)
+ (Λ2 − m2α)(1 + ˜Λr)
˜Λ
2
Y( ˜Λr) ]
= ( ~σ1 · ~σ2)F ′3u1α + S 12F ′3u2α (64)
F4tα = F {(
Λ2 − m2α
Λ2 + ~q2
)
~k2
~q2 + m2α
}
=
m3α
4
Y(mαr) − Λ
3
4
Y(Λr)
− Λ
2 − m2α
4
(Λr
2
− 1)e
−Λr
r
− 1
2
{∇2,mαY(mαr) − ΛY(Λr) −
Λ2 − m2α
2
e−Λr
Λ
}
= F4t1α + {−12∇
2,F4t2α} (65)
F4uα = F {(
Λ2 − m˜2α
˜Λ2 + ~q2
)
~k2
~q2 + m˜2α
}
=
m˜3α
4
Y(m˜αr) −
˜Λ3
4
Y( ˜Λr)
− Λ
2 − m2α
4
(
˜Λr
2
− 1)e
− ˜Λr
r
− 1
2
{∇2, m˜αY(m˜αr) − ˜ΛY( ˜Λr) −
Λ2 − m2α
2
e− ˜Λr
˜Λ
}
= F4u1α + {−12∇
2,F4u2α} (66)
F5tα = F {i(
Λ2 − m2α
Λ2 + ~q2
)
~S · (~q × ~k)
~q2 + m2α
}
= ~S · ~L[−m3αZ1(mαr) + Λ3Z1(Λr)
+ (Λ2 − m2α)
e−Λr
2r
]
= ~S · ~LF5t0α (67)
F5uα = F {i(Λ
2 − m2α
˜Λ2 + ~q2
)
~S · (~q × ~k)
~q2 + m˜2α
}
= ~S · ~L[−m˜3αZ1(m˜αr) + ˜Λ3Z1( ˜Λr)
+ (Λ2 − m2α)
e− ˜Λr
2r
]
= ~S · ~LF5u0α (68)
F ′5uα = F {i(
Λ2 − m2α
˜Λ2 + ~q2
)
~S · (~q × ~k)
~q2 + m˜α2
}
= ~S · ~L[−m˜3αZ′1(m˜αr) + ˜Λ3Z1( ˜Λr)
+ (Λ2 − m2α)
e− ˜Λr
2r
]
= ~S · ~LF ′5u0α (69)
F6uα = F {(
Λ2 − m2α
˜Λ2 + ~q2
) ( ~σ1 ·
~k)( ~σ2 · ~k)
~p2 + m˜2α
}
= − ~σ1 · ~σ2
4
[ m˜3αY(m˜αr) − ( ˜Λ)3Y( ˜Λr)
− (Λ2 − m2α) ˜Λ
e− ˜Λr
2
]
+
1
3(S 12 + ~σ1 · ~σ2)[ (1 +
3
m˜αr
)m˜2αY( ˜Λr)
− (1 + 3
˜Λr
)( ˜Λ)2Y( ˜Λr)
− (Λ2 − m2α)( ˜Λ +
2
r
)e
− ˜Λr
2 ˜Λ
]∇
− 13(S 12 + ~σ1 · ~σ2)[m˜αY(m˜αr) −
˜ΛY( ˜Λr)
− (Λ2 − m2α)
e− ˜Λr
2 ˜Λ
]∇2
= − ~σ1 · ~σ2
4
F6u1α + 13 (S 12 + ~σ1 · ~σ2)F6u2α
− 13(S 12 + ~σ1 · ~σ2)F6u3α (70)
13
F ′6uα = F {(Λ
2 − m2α
˜Λ2 + ~q2
) ( ~σ1 ·
~k)( ~σ2 · ~k)
~p2 − m˜2α
}
= − ~σ1 · ~σ2
4
[ m˜3α
cos(Mαr)
m˜αr
− ( ˜Λ)3Y( ˜Λr)
− (Λ2 − m2α) ˜Λ
e− ˜Λr
2
]
+
1
3 (S 12 + ~σ1 · ~σ2)[ (
sin(m˜αr)
m˜αr
+
3
m˜αr
cos(m˜αr)
m˜αr
)m˜2α
− (1 + 3
˜Λr
)( ˜Λ)2Y( ˜Λr) − (Λ2 − m2α)( ˜Λ +
2
r
)e
− ˜Λr
2 ˜Λ
]∇
− 13 (S 12 + ~σ1 · ~σ2)[m˜α
cos(m˜αr)
m˜αr
− ˜ΛY( ˜Λr)
− (Λ2 − m2α)
e− ˜Λr
2 ˜Λ
]∇2
= − ~σ1 · ~σ2
4
F ′6u1α + 13(S 12 + ~σ1 · ~σ2)F
′
6u2α
− 13 (S 12 + ~σ1 · ~σ2)F
′
6u3α (71)
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